Abstract. In this paper, we systematically apply Grothendieck duality theorem to simplify and reprove several theorems in different papers: Including a vanishing theorem in KMM[18], a theorem of Kollár's paper [10] , a vanishing theorem due to Kovács in [17] and a theorem of Fujino in [5] . We remark that all of the above are achieved by the same trick.
Introduction
We first briefly introduce the trick that will be used in this paper. Given a resolution f : Y → X, On Y there are effective divisor E and some integral divisor B we are interested in. Consider the following diagram of complex, f * B α / / β % % ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ Rf * B Rf * (B + E) We show that β is a quasi-isomorphism by Kawamata-Viehweg vanishing theorem. Dualize this diagram
where φ * and ψ * are quasi-isomorphism by duality theorem. Then we use some vanishing theorem to get information of the map γ. For instance, if B = 0, the by Grauert vanishing γ is a zero map except at the −n degree. Then by the commutativity of the diagram and the fact that β and ψ * are isomorphism, we conclude that RHom(f * B, ω · X ) and the complex in the second row are zero except at the −n degree.
For the reader's convenience we recall Grothendieck duality theorem and fix the notations in this paper. Let f : Y → X be a proper morphism between two projective schemes. Then for any
In the whole paper, we let n denote the dimension of all the varieties. Since we only deal 2010 Mathematics Subject Classification: 14F17 with birational morphisms, this will not cause any confusion. If Y is normal, then
, the extension of regular d-forms on smooth locus. The organization of this paper goes as follows. In section one we prove a vanishing theorem in KMM, and in section two we consider the log J terminal singularities. In the last section, we first prove a vanishing theorem of dlt pair and then apply it to the proofs of the theorems mentioned at the beginning. In the whole paper we work over complex numbers.
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A vanishing theorem in KMM
In this section we reprove Theorem 1-3-1 in [18] , which is a vanishing theorem due to Elkik [3] and Fujita [9] in a generalized form. Besides Grothendieck duality theorem, the original proof also used spectral sequence and local duality. (1) supp D and suppD are simple normal crossing and
Proof. Consider the following diagram of complexes, Here β is a quasi-isomorphism, since
By Kawamata-Viehweg vanishing we have
Apply duality to the diagram above we have
where φ * and ψ * are isomorphism by duality theorem. By the commutativity of this diagram we have
In other words, the right hand side map is zero at the positive degree part. Since the left hand side is a quasi-isomorphism, we conclude that
, and then by symmetry we also have R i f * L = 0.
Assume that supp D is simple normal crossing, ⌊D⌋ = 0, and −L − D is f-nef. Then for any exceptional effective divisor E on Y , we have
A vanishing theorem of dlt pair
In this section we prove a vanishing theorem of a dlt pair (X, ∆), where X is a normal variety . We first prove a special case (Theorem 2.1) to illustrate the idea and then consider the more general case (Theorem 2.4). Theorem 2.1 is in fact a special case of Kovács's vanishing theorem, but use Fujino's idea we can also prove it (Corollary 2.10). After finished this paper, the author learned that Kollár and Kovács had also proved Theorem 2.4 by the notion of rational pair, which will appear in [11] . Base on Theorem 2.4, we prove several corollaries mentioned in the introduction.
One of the equivalent definitions of dlt singularities is that there is a log resolution (Szabó resolution [21] ) f : Y → X such that the dicrepancy a(E; X, ∆) > −1 for any exceptional divisor E on Y (Theorem 2.44 in [13] ). Theorem 2.1. Let (X, ∆ X ) be a dlt pair and let f : Y → X be a Szabó resolution. Then we can write
where P, Q are effective exceptional divisors, ⌊Q⌋ = 0 and ∆ Y is the strict transform of ∆ X . Then we have
for every i > 0.
where δ is some effective simple normal crossing divisors such that ⌊δ⌋ = 0. So by Kawamata vanishing
Dualize this diagram and by relative duality we have
where φ * and ψ * are isomorphism by duality. In the future discussion, we call it diagram A.
By lemma 2.2, R i f * K Y (⌊∆ Y ⌋) = 0 for i > 0, so γ is a zero map except at degree −n. Since the isomorphism β * • ψ * factors through γ, so take the −nth cohomology we then have the following diagram
Since every sheaf in this diagram is torsion free with rank one, γ and α * • φ * are both isomorphisms.
Dualize diagram A, since γ is a quasi-isomorphism we have
By this diagram, we conclude that α is an isomorphism, or equivalently,
Lemma 2.2. Let f : Y → X be a proper morphism from a smooth variety Y , with a reduced simple normal crossing boundary B. Given a f -nef and big line bundle L on Y such that L is also f -big at all the lc (log canonical) centers of (Y, B).
Since S is a lc center of (Y, B), L | S is f -nef and big on S by assumption. The lc center of (S, (B − S) | S ) is the restriction from (Y, B), so L | S is f -big on all of the lc centers of (S, (B − S) | S ). As a result, by induction on dimension we conclude that 
Then following the proof of Theorem 2.1 we consider
Note that in this case, ∆ 2 Y has some reduced component so we are not able to apply Kawamata vanising theorem. However, we claim that
Since f is a Szabó resolution, it is isomorpic at the generic points of log canonical centers of (X, ∆ X ). As a result, 
In conclusion, we have the following diagram such that β is a quasi isomorphism,
Then we dualize this diagram and follow the same argument in Theorem 2.1 to get the conclusion. Corollary 2.5. (Theorem 5.22 in [13] ) If (X, ∆ X ) is a dlt pair, then X has rational singularities.
Proof. By Proposition 2.43 in [13] , we can perturb ∆ a little bit so that (X, ∆) is a klt pair. In particular, ⌊∆⌋ = 0.
Take the Szabó resolution f : Y → X, by Theorem 2.
By definition we assume that X is normal so f * O Y = O X . As a result, f is a rational resolution. 
is Cohen-Macaulay. Moreover, as a reduced scheme T is Cohen-Macaulay and has Du Bois singularities.
Proof. We take the Szabó resolution and write 
is Cohen-Macaulay, see for example Corollary 3.5.11 in [2] . Note
. This proves the first statement.
For the second statement, consider
Apply RHom(·, ω · X ) to this exact sequence we get ω
Since both ω Push forward the following sequence
Using Theorem 2.4 and Corollary 2.5, we conclude that
, which implies T is Du Bois by Corollary 2.4 in [14] .
Remark 2.7. See similar property of semi divisorial log terminal pair in [8] , Theorem 4.2.
The first result in Corollary 2.6 is generalized in the next Corollary. We say
Proof. We follow the set up in [10] . First by perturbing ∆, we can assume (X, ∆) is klt. Take a log resolution f : Y → X. Since D − ∆ ′ is Q-Cartier, we can write
where F is f -exceptional. Define
. We can also find effective and f -exceptional divisor B on Y such that
where ⌊δ⌋ = 0. Apply Lemma 2.2, we see that
So far everything is the same as the set up in section 9 of [10] . Now we apply the trick in this paper, replace
is zero except at degree -n spot. Using the argument in the proof of Theorem 2.1, we have
Remark 2.9. See [16] for more systematic way to approach this problem by rational pairs.
Now we prove a vanishing theorem due to Kovács, which is a generalization of Theorem 2.1. Proof. (The argument here essentially follows [7] , we refer the readers to there for more details ). By Theorem 3.1 in [12] we can take dlt modification g : Z → (X, ∆), so that K Z +∆ Z = g * (K X +∆) and (Z, ∆ Z ) is a dlt pair. Take the Szabó resolution h : Y → Z and let f = g • h, then we have
where E = ⌊h [7] .
